group G (to be thought of as given and known) and then to investigate the structure of the Galois groups of abelian extensions of K as G-modules. This has been done by several authors, mainly for tame extensions or p-extensions of local fields (see [10] , [12] , [3] and [13] for example and further literature) and for some infinite extensions of global fields, where the group algebra has some nice structure (Iwasawa theory) . The aim of these notes is to show that one can get some results for arbitrary Galois groups by using the purely algebraic concept of class formations introduced by Tate. In particular the G-structure of R ab only depends on m; for R ab m,p m itself and minimal m this is still an open problem, see [8] .
One has Tate has shown (see [16] ) that R ab is a class formation module for m G, i.e. , (4) H i(U, Rab'm ) ~ H i-2 (U,~)
for all subgroups U of G and all i 6Z (here and in the following we take the modified (Tate) cohomology groups), where the isomorphism is obtained by taking cupproduct with the restriction of a generating element of H2(G, R ab'm ) ~ Z/(G:I)Z. It turns out that R abm has to be regarded as a standard object with this property -all other class formation modules only differing by "projective kernels": 
There is an exact sequence This induces a surjection ~: R ab ÷ M, let X = ker ~. m,p From the long exact sequence of cohomology under G~ w we get H2(Gp,X) = 0 = H3(Gp,X), so X is cohomologically trivial, i.e., projective, as X is torsion free.
b) is clear (compare [13] 1.5), and M' is defined by the exact
where the middle column is given by l.l.a).
Cohomolo~ically trivia! Zp!G]-modules.
We fix the following notations. We only show a), because b) is similar, using the splitting of (7). As the reciprocity map induces an isomorphism between G ab -abKhas and the projective limit over the groups KX/K xpn for all n, ~K the property (*), and using the p-adic logarithm we get an isomorphism
~p ® G K Let R be defined by the exact commutative diagram
where the right column is given by 1.2.c) and the middle row exists by
2.2., because M' is cohomologically trivial, Tor(M') ~ ~K(p) is cyclic and ~p ~ M' ~ ~p[G] n+l by (9).
If we can show that G is generated by n+2 elements we are done, because then R ~ ab by , Rn+2, p applying Schanuel's lemma to the middle column and l.l.a).
For this we may assume that the ramification group of G is abelian, by Burnside's theorem on p-groups.
If L is the fixed field of the ramification group, G is then a quotient of the middle group in the extension
Applying the above to L instead of K we get a surjection
which induces an isomorphism in cohomology. As H2(G,G~ b) is generated by the element x ! belonging to (i0) (proposition of Weil-2 --ab Safarevic) and H (G,Rn+ 2) by x 0 belonging to if K = k(~p) and G k was generated by n+l elements, G~ b Indeed, would be generated by [K:k]+l elements as Z -module (using (7) and P the rank of R ab ) which is not true.
3.2 was shown in [15] 1.4.d) n+l ' for pp c k.
ii) In the case of a global number field we assume that k is totally imaginary for p = 2 and fix the following notations.
r I and r 2 are the numbers of the real and complex places of k, ! respectively, and r I ~ r I is the cardinality of the set S~ of the real places of k which ramify in K/k. S is the set of primes above p p in k, and for any set T of primes in k and any extension L/k we let T(L) be the set of primes in L lying above primes in T.
Finally, L denotes the completion of L with respect to the prime ~ of L, and d(H) is the minimal number of generators for a finitely generated profinite group H.
If S~ = ~ and hence r L = 0 (e.g., for K/k a p-extension), all statements are remarkably simplified, and we have a complete analogy with the local case. 
and conversely On the other hand, class field theory gives us an exact sequence
where U K (resp. UKp) denotes the group of units in K (resp. Kp) and C~ is the class group of K.
If the Leopoldt conjecture is true for K and p, the first map in ii) The extension K/Kp is embeddable in a Zp-eXtension.
Proof.
In a decomposition i), the ~ [G]-module R has the property P (*), so as G -module R ~ Z @ P with P projective, as follows from P P ab ~ Z induces an isomorphism in 1.2.b) and (3).
The projection G K P the cohomology under Gp, so there is a commutative diagram Indeed, the solvability may be checked on G by a theorem of Hoechsmann, and there it is solvable by P assumption.
(In fact one has to look at the induced problems with kernel _ab -r Rab for all r to have finite modules and then use the ~m,p/p m,p fact that G k is finitely generated). iii) The embedding problem
is solvable.
Then i) <~--> iii) ~ ii)', and iii) > ii)' for local fields by a result of Lur'e [18] , compare [14] for the case of p-groups. Now let k be an arbitrary finite extension of ~ and K = U K be n n the cyclotomic F-extension, K n = k(~ n+l ) and F = Gal(K/k). Let P F n = GaI(K/K n) and assume that Leopoldt's conjecture with respect to p is true for all K (e.g. k abelian). belonging to the i-th power of the cyclotomic character, 0 < i < d-l.
We then may split XI(X3,...) into the direct sum of the eiX 1 (eiX3,---) and consider these as modules under A = Zp~Fo~-Suppose now that el_iX 3 is known (and so also (el_iX3) (-i) = e i(X3(-l))) and suppose further that we can calculate e_iX 4 from (43) (e.g., if S(K) contains just one prime). Then we can get eiX 1 as follows:
Choose a minimal presentation 
